Chaotic Response to Periodic Perturbation of a Convecting Fluid periodic thermal ed noise shows a th ncy nearly equals
The behavior for t of a fourteen-mo Vfe have observed a chaotic response to a small dependent Rayleigh-Benard convection. The induc ing amplitude, and occurs when the driving freque ence between two spontaneous oscillatory modes. boundary conditions is qualitatively similar to tha studied by Curry.
A number of recent investigations have been concerned with the onset of turbulence in classical fluid systems. Two cases which have been studied extensively are Rayleigh-Benard convection" and Taylor vortex flow. ' In previous experiments on time-varying flows the boundary conditions have been time independent. 4 Here we describe a study of time-dependent convection in a fluid layer whose lower boundary could be perturbed by a small periodic temperature modulation. We find that this perturbation induces nonperiodic motion when its frequency nearly equals the difference between two spontaneous natural frequencies and its amplitude exceeds a threshold. The generation of chaotic convective motion by a periodic perturbation has not been previously predicted or observed. We have also observed several new phenomena in the absence of modulation which are similar to the behavior of a generalized Lorenz model recently studied by Curry. '
Our experiments utilized a rectangular fluid cell of interior dimensions 16&&28 mm' by 8 mm high containing water at about 70'C where the Prandtl number' is 2.5. The vertical temperature difference b, T across the layer was controlled to a long-term stability of about 0 19o (10 s K) by means of resistive heaters and ac feedback techniques. In addition, 4T could be modulated by as much as 0.4% (5 mK) with negligible noise in the bandwidth of interest (0.01-
Hz).
In order to study the dynamical state of the fluid, the velocity component parallel to the 28mm cell edge was measured locally (using laser Doppler techniques) as a function of the relative Ray leigh number' R/R, = b T/h T "wher e 4T, = 37.3 mK is the temperature difference at which convection begins in an infinite layer of the same thickness. When the velocity field was time independent (R/R, & 20), we used a computer-controlled scanning technique to determine that the flow pattern consists of two convective rolls whose axes are parallel to the 16-mm cell edge. This pattern persists throughout the time-dependent regimes in an average sense. When the velocity was time dependent, we sampled it sequentially up to 8192 times at intervals of 1-2 s, and used standard discrete fast-Fourier-tr ansform techniques to obtain power spectra of the local fluid velocity.
Before describing the effect of modulating the boundary temperature, we summarize the behavior of this system with stationary boundary conditions. For 1 R/R, &20 the fluid is convecting but the velocity field is everywhere time independent. There are three distinct time-dependent regimes which overlap in Rayleigh number, as shown in Fig. 1 . For 20&R/R, & 39.8 the velocity field can be strictly periodic, as indicated by a power spectrum containing a single frequency J., P. Gollub Fig. 1 must be intrinsic to the fluid system.
Although not shown in Fig. 1 , a large subharmonic of frequency -, f, appears discontinuously in the spectrum when R/R,~2 9. This transition is quite obvious in the time domain as well (Fig. 2), and exhibits hysteresis of approximately 1 in R/R, . We have plotted the frequency f, in Fig. 1 even when the subharmonic was dominant.
We now describe the effect of a small periodic modulation (&5 mK) of the lower boundary temperature on the time-dependent flows. A chaotic response is induced by the perturbation if the mean value of R/R, is above 37 aruf the frequency of the perturbation lies in a narrow band near f, -f,. Three spectra illustrating this effect are shown in Fig. 3 . The velocity power spectrum at R/R, = 37.9 in the absence of any modulation is given in Fig. 3(a) . The system is in a periodic state with spectral peaks at frequencies ,pf, where p is any positive integer. The frequency f, is not spontaneously present for the initial con- )q+~l(ill '%gPllllH "la~i(gq( c) sums and differences of f with the naturally present frequencies. The peaks in Fig. 3 (b) can be written (to an accuracy of 0.02k) as f~, , 'pf-, +qf l where p and q are integers. For example, the lowest-frequency peak in Fig. 3 (b) corresponds to p = 1 and q = -1. The low-order peaks are the largest ones, as one would expect for a nonlinear mixing process, and those for which )ql = 1 dominate when the amplitude of modulation is small.
When the amplitude of modulation A (half of the peak-to-peak value) exceeds a threshold which is a function of (mean) Rayleigh number, broadband noise appears in the spectrum with finite intensity as shown in Fig. 3(c) . The transition to the noisy state occurs at A = 3.2 mK for R/R, = 37.9 and A = 3.9 mK for R/R, occur in the absence of modulation. This would require a modulation amplitude of at least 11 mK at R/R, = 37.9 and 34 mK at R/R, = 37.3.
We quantified the intensity of the induced noise by integrating the spectra with the discrete peaks subtracted out. The variation of noise power with modulating frequency f" is shown in Fig. 4 for fixed R and A. The transition to the noisy state is apparently discontinuous and exhibits detectable hystersis when f is varied, just as is the case when A is varied. The band of frequencies f which can induce noise is centered at 0.0465
Hz, and f, was measured to be 0.0821 Hz in these experiments. We note that f, -f is equal to f" to within the accuracy with which f, can be obtained from Fig. 1 (using the crosses near R/R, = 37.9). Apparently, the system is most responsive to a perturbation that can mix with the mode at frequency f, to generate the mode at f, . There is also a response to our largest available perturbation (A=5 mK) at f =0.0357 Hz=f, yielding spectra similar to Fig. 3(b) .
All of the above phenomena persist down to R/ R, =37, but the intensity of the induced noise decreases smoothly with decreasing R, A and f held constant. For R/R, (37, sharp components are induced, but broadband noise is not. It is likely that the noise could still be induced for R/ R,~3 7 by increasing A. Our observations may be relevant to several recent developments in the theory of dynamical systems. They suggest the applicability to fluid dynamics of a theorem due to Newhouse, Ruelle, and Takens, ' which implies that under certain conditions a quasiperiodic flow with three or more independent frequencies may be unstable with respect to chaotic flows and hence unobservable. %e find experimentally that whether a chaotic flow is induced by varying the Rayleigh number, or the amplitude or frequency of the perturbation, only two distinct frequencies are observable prior to the chaotic transition. However, no detailed theory incorporating thermal modulation is available.
The behavior of this system in the absence of modulation is similar to that of a numerical model investigated recently by Curry. ' The model considers the interaction of a set of fourteen Fourier modes in the spirit originally proposed by Lorenz. ' We expect a relatively small number of modes to be appropriate to our geometry because the horizontal dimensions are not much larger than the layer thickness. ' Curry's model shows the following sequence of phenomena. : a Hopf bifurcation to a closed orbit in phase space (periodic state); a bifurcation in which stability is transferred to a periodic orbit with half the frequency; bifurcation to an attracting torus (quasiperiodic state); coexistence of both period ic and quasiperiodic attractors for different initial conditions but the same 8; and a strange attractor (chaotic state) of the type first discovered by Lorenz. We observe apparently similar phenomena experimentally, and in the same order. Although no quantitative comparison with this model has been made, the similarity supports the hypothesis that the onset of turbulence can sometimes be described by a nonlinear model with. a relatively small number of coupled modes. Furthermore the frequency selectivity of the chaotic response to a small periodic perturbation provides new evidence that only a small number of modes are involved in the transition to turbulence in this system.
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